we order the primitive solutions according to the magnitude of z and denote the rth primitive solution to (fc. m. n) by (fc. m. n)r. Where we refer to the range covered in a search for solutions, we mean the upper limit on z. The notation (xi, Xi, ■ • ■, xm)k = iVh 2/2, • • •> Vn)k means 2~li xik = 2~li V*-Any parametric solution discussed does not include all solutions unless otherwise stated.
Squares and Cubes. For fc = 2 the general solution of the Pythagorean equation (2. 1. 2) is well known [3] . Many solutions in small integers and various parametric solutions have been given for (2. 1. n) with n > 3. The general solution of (2. 2. 2) is known [4] . Solutions to (2. 2. n) with n > 3 and (2. m. n) with m > 3 are numerous.
The impossibility of solving (fc. 1. 2) with fc > 3 is Fermat's last theorem, which has been established for fc < 25000 [5] . The general solution of (3. 1. 3) in rationals is attributed to Euler and Vieta [6] and also produces all solutions to (3. 2. 2) if the arguments are properly chosen. There are many solutions in small integers and various parametric solutions to (3. 1. n) with n > 4 and to (3. m. n) with m > 2 [7] . Fourth Powers.
(4. 1. n)-For n = 3, no solution is known. M. Ward [8] developed congruential constraints which, together with some hand computing, allowed him to show that xA = 2/i4 + i/24 + j/34 has no solution if x < 10,000. The authors extended the search on the computer using a similar method and verified that there is no solution for x < 220,000. Ward showed that if x4 = j/i4 + ?/24 + j/34 is a primitive solution, it may be assumed that x, yi = 1 (mod 2), y2, j/3 = 0 (mod 8) and either x -yi or x + 7/1 is = 0 (mod 1024). Also x ^ 0 (mod 5) or else all yt would be = 0 (mod 5) since n4 = 0 or 1 according as u = 0 or u jk 0 (mod 5). The computer program generated all numbers M = (a;4 -j/i4)/2048 with 0 < t/i < x, x prime to 10 and yi = ±x (mod 1024). Tests were applied to M = (î/2/8)4 + (î/3/8)4 to reject cases in which a solution would not be primitive or M could not be the sum of two biquadrates. If M passed all the tests, its decomposition was attempted by trial using addition of entries in a stored table of biquadrates (27500 entries for x < 220,000 = 8-27500). The tests were :
(1) M must be = 0, 1 or 2 (mod 16) and (mod 5) ; (2) M must not be = 7, 8 or 11 (mod 13) and must not be = 4, 5, 6, 9, 13, 22 or 28 (mod 29) ; (3) x and yx must not both be divisible by an odd prime p = 3, 5 or 7 (mod 8) for if so, p4 divides M, p divides y2 and y3 and the solution is not primitive; (4) M must not have a factor p where p is an odd prime not = 1 (mod 8) unless p4 also divides M. In this case p divides y2 and j/3, and in the decomposition by trial M can be replaced by M/p4 (here tests were made only for p < 100).
Of approximately 19,200,000 initial values of M, only 22,400 required the trial decomposition. [34] found (4.1.4)2 and J. Leech [10] found the next 6 primitive solutions on the EDSAC 2 computer. S. Brudno [11] gave another primitive solution, the 14th in our Table I . The authors exhaustively searched the range 8002" using Leech's method finding in all the 23 primitives listed in Table I . No parametric solution has been found for (4. 1. 4) although the general solution is known for (3. 1. 3) and a parametric solution (discussed later) is known for (5. 1.5). found in all the twelve primitive solutions given in Table III . Ref.
[24]
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For n > 6 there are solutions in moderately small integers. (5. 1. 6)i is (12)5 = (4, 5, 6, 7, 9, 11)5 found by A. Martin [27] . The first eight primitive solutions to (5. 1. 6) are given in [24] . ( Ref.
[28]
For n > 5 there are solutions in moderately small integers; (5. 2. 5)i is (1, 22)5 = (4,5, 7,16, 21)6 due to Subba Rao [28] . We give the first six primitives for (5. 2. 5) in Table V [36] . We give the 45 primitives in the range up to 8 X 1012 in Table VI License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
In the subsequent discussion we adopt a notation borrowed from the field of partitions, writing xr to signify the term x repeated r times in the expression in which it appears. Table VII uses this notation, giving (fc. m. n)i where known and references solutions in other tables. Table VII also shows for certain (fc. m. n) the range which has been searched on the computer exhaustively.
For the remainder of the equations (fc. m. n) which are discussed we note in the text only the limits searched, interesting features, and methods employed ; specific solutions are given in Table VII. Sixth Powers.
(6.1. n)-No solution is known for n < 6. We consider the cases of n = 6,7 and 8 in descending order. To solve (6. 1. 8), x6 = 2^12/¿6> note that w6 = 0 or 1 (mod 9) according as m = Oorw ^ 0 (mod 3). Then if a; = 0 (mod 3), all y i = 0 (mod 3) and the solution is not primitive. Therefore take x and exactly one of the y i (say yi) prime to 3. Then (a;6 -?/i6)/36 = ^2 (2/>/3)6 is an integer (which is true if and only if yi = ±x (mod 243)) to be decomposed by trial as the sum of 7 sixth powers. In Table VIII we give the 14 smallest primitives found by this method; (6. 1. 8)1 is (251)6 = (8,12, 30, 78, 102, 138, 165, 246)6. For (6.1.7), a;6 = 2~2i7 2/»6> note that w6 = 0 or 1 (mod 8) according as u is even or odd. Then for a primitive solution, x and exactly one of the y i are odd. The argument for (6. 1. 8) modulo 9 applies and x is prime to 6, yi (say) is prime to 3, and either 7/1 is odd or another y (say y2), is odd. In the first case yi = ±x (mod 243) and (mod 32) and (a:6 -?/i6)/66 = 2~L\ (2/¿/6)6 is an integer to be decomposed by trial as the sum of 6 sixth powers. In the second case 2/1 = dbx (mod 243), y2 = ±x (mod 32) and (a;6 -t/16 -j/26)/66 = 2~ll (2/¿/6)6 must be an integer (certain combinations x, y 1,2/2 satisfying the congruences are rejected) which is decomposed by trial as the sum of 5 sixth powers. The only solution for x < 1536 is (6. 1. 7)i, (1141)6 = (74, 234, 402, 474, 702, 894, 1077)6 which is obtained in the second case. For (6. 1. 6), x6 = 2~ll 2/¿6 note that w6 = 0 or 1 (mod 7) according as u = 0 or u fé 0 (mod 7). Then for a primitive solution, x and exactly one of the y i (say yi) are prime to 7. This implies yi = ±x, ±qx or ±q2x where q = 34968 is a primitive sixth root of unity (mod 76 = 117649). Now the foregoing arguments modulo 8 and modulo 9 apply, and there are five cases.
(1) If yi= ±1 (mod 6) then 2/1 = ±z (mod 243) and (mod 32) and (x6 -2/i6)/426 = 2~Ll (2/i/42)6 is an integer to be decomposed by trial as the sum of 5 sixth powers.
(2) If t/i = ±2 (mod 6) then 2/1 = ±x (mod 243) and another of the y i (say y2), is odd. Then y2 = 0 (mod 3-7), y2 = ±x (mod 32), and (a-6 -yf -í/26)/426 = 2~ls (2/>/42)6 is the sum of 4 integral sixth powers.
(3) If 2/1 = 3 (mod 6) then 2/1 = ±x (mod 32) and another of the yt (say y2), is prime to 3, y2=0 (mod 2-7), and 2/2= ±a; (mod 243). Incase (2), (a;6 -2/16 -2/26)/426 is an integer and is the sum of 4 sixth powers.
(4) If j/i = 0 (mod 6), another of the j/¿ (say y2), is prime to 3, y2 -0 (mod 7) and y2 = ±x (mod 243). If y2 is odd, then y2 = ±x (mod 32) and as in cases (2) and (3) (x6 -2/16 -î/26)/426 is the sum of 4 sixth powers. If y2 is even, we have case (5).
(5) Another of the y i (say 2/3), is odd, 2/3 = 0 (mod 3-7), 2/3 = ±x (mod 32), and (a:6 -2/16 -2/26 -2/36)/426 = 2~1\ (2/t/42)6 is an integer to be decomposed as the sum of 3 sixth powers.
The search for a solution to (6. 1. 6) was carried exhaustively by this method through the range x < 38314 and there is no solution in this range.
A. Martin [30] gave a solution to (6. 1. 16); Moessner [31] gave solutions to (6. 1. n) for n = 16, 18, 20 and 23. For n > 11, it is not difficult to find solutions in small integers. Table IX we give the remaining 9 primitive solutions which exist in the range up to 2. 5 X 1014. It is interesting to note that each of the solutions except the sixth is also a solution to (2. 3. 3). Table X gives the five primitive solutions to (6. 3. 4) which exist in the range up to 2. 9 X 1012.
(6. m. n)-If m is > 4, solutions in small integers can be found readily. Subba Rao [32] gave (6.4. 4) i (see Table VII which is a double primitive and reduces to the solution (7. 5. 5)2. * The first solution is due to K. Subba Rao [32] . Table X Primitive solutions of (6. 3. 4) for z < 2.9 X 1012 z = E! x/ = £4 2// Xi ■c-i The computer program used in searching for solutions to (8. 1. n) was based on the congruences x8 = 0 or 1 (mod 32) according as x = 0 or 1 (mod 2) so that primitive solutions to x8 = 2^A 2// with n < 32 must have x and (say) 2/1 both odd. Then x8 -2/i8 is divisible by 28 which implies x = ±2/1 (mod 32), and (x8 -2/i8)/256 is decomposed as the sum of n -1 eighth powers by trial.
Solutions to (8. 5. 5) and (8. 9. 9) were found by A. Letac [33] .
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Ninth and Tenth Powers. Computations performed by the authors for (9.m.n) and (10. m. n) are the basis for the data shown in the last two columns of Table XII,   Table XI Primitive solutions of (7. 5. 5) for z < 4.0 X 1012 z = Ei */ = E! V? Additional References. A. Gloden gave a parametric solution of (5. 4. 4) in [38] , two parametric solutions of (7. 5. 5) in [39] , [40] , and a parametric solution of (8. 7. 7) in [41] . A. Moessner gave numerical solutions of (5. 2. 4) and (5. 3. 3) in [42] . In [43] Moessner gave three parametric solutions of (6. 4. 4) and parametric solutions of (8. 7. 7) and (9. 10. 10). Two numerical solutions of (7. 4. 5) due to A. Letac are found in [39] . S. Sastry and T. Rai solved (7. 6. 6) parametrically [44] .
G. Palamà [45] gave numerical solutions of (9. 11. 11) and (11. 10. 12). In [46] Moessner and Gloden solved (8. 6. 6) and (8. 6. 7) numerically.
Concluding Remarks. Let N(k,m) be the smallest n for which (k.m.n) is solvable. In Table XII we show the upper bound to N based on the results just presented. Each column is terminated when a solution to (fc. m. m) has been found. It appears likely that whenever (fc. m. m) is solvable, so is (fc. r. r) for any r>m. Some questions are:
(a) Is N(k, to + 1) < N(k, m) < N(k +1, to) always true? (b) Is (fc. to. n) always solvable when m + n > fc? (c) Is it true that (fc. to. n) is never solvable when to + n < fc? (d) For which fc, to, n such that to + n = fc is (fc. m. n) solvable?
The results presented in this paper tend to support an affirmative answer to (c). Question (d) appears to be especially difficult. The only solvable cases with to + n = fc known at present are (4. 2. 2), (5.1. 4) and (6. 3. 3) .
In this paper we have made a computational attack on the problem of finding a sum of n fcth powers which is also the sum of a smaller number of fcth powers. In many of the cases considered, especially for the larger values of fc, we have undoubtedly not obtained the best possible results, but the amount of computing needed to do this would seem to be overwhelming.
We believe that the main result of this paper is the presentation of results on a family of Diophantine equations which have largely been considered separately in the past. We hope that this presentation offers greater insight into the nature of the function N(k, to) and that future efforts will be directed toward reducing the upper bounds for this function.
